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Jacques Lévy Véhel Michel Tesmer
Regularity Team, INRIA Saclay and MAS Laboratory,

Ecole Centrale Paris, Grande Voie des Vignes,
92295 Chatenay-Malabry Cedex, France

Abstract

Multifractal analysis is a tool allowing for a detailed analysis of the singularity structure of an image, both at the local and
global levels. It has been used in image processing for various purposes including classification, denoising, and edge detec-
tion. One of the most important steps is the computation of multifractal spectrum. While non-parametric estimation methods
exist, techniques assuming that the image displays some sort of multifractal scaling generally give better results, since they
take advantage of the structure present in the data. In this work a robust estimation procedure is presented for computing the
large deviation (LD) multifractal spectrum, as well as an extension called the Undecimated Large Deviation (ULD) spec-
trum. Both methods are put to use on artificial and real images. The results show that multifractal spectra estimated with our
method are strikingly different in the case of textured natural images and face images. In addition, multifractal spectra seem
to be able to classify natural textures.

1. Introduction

Multifractal analysis is concerned with describing the regularity of functions, both from a local and global point of view.
More precisely, performing the multifractal analysis of an image I amounts to computing a so-called multifractal spectrum:
This is a function f(α) which gives, for every value of α, the “amount” of points in the support of the image where I has
“singularity” α. Singular here means that the image is not smooth, that is, C∞, at the considered point and α roughly gives
the degree of (fractional) differentiability. See section 2 for precise definitions. Multifractal analysis is a topic that attracts
a lot of interest in mathematics, physics [2, 12], financial analysis [13], the study of Internet traffic [10], astronomy, and a
number of other fields. Indeed, it is powerful tool that allows one to analyse finely the structure of irregular objects such as
turbulence, financial records, TCP logs or galaxies distribution.

Multifractal analysis can be applied to any object, independent of the assumption of fractality. However, it will yield
interesting results only for data displaying a strongly irregular behaviour. This is in particular the case for many natural
images.

Multifractal analysis has been applied in image processing for edge detection, denoising and change detection [4–9].
The basic idea is that many structures present in an image have a particular signature in the multifractal spectrum. Edges, for
instance, correspond to a specific subset of singularity values, characterized by the fact that the geometry of the corresponding
points is that of a set of lines. Denoising may be performed by translating the multifractal spectrum to the larger values of α.

A critical step in the multifractal analysis of an image is of course that of estimating the multifractal spectrum. Several
estimation procedures have been proposed (see e.g. [1, 3, 14]). While some do not make any assumption on the structure of
the data, most of them hypothesize some sort of multifractal scaling: This roughly means that properly defined subsets of the
support of the image display a fractal behaviour (see section 2.2 for a precise statement). Assumption-free approaches will be
preferred when large samples are available and when one does not want to restrict the domain of application of multifractal
analysis. The second kind of methods yield more robust estimation results, provided the assumption of multifractal scaling
has been verified.



The main purpose of this paper is to investigate which kind of images do possess multifractal scaling and to propose a
robust estimation scheme for images exhibiting such scaling. Checking whether an image displays multifractal scaling is
important in applications, as it conditions the method used for estimating the multifractal spectrum: If one is confident that
the set of images to be processed exhibit multifractal scaling, then the more efficient parametric estimation procedures may
be used to obtain more precise results. It seems intuitive that strongly textured images as well as outdoor scenes are more
likely to display multifractal scaling than indoor images or pictures of, e.g., faces, a fact that we verify experimentally below.

The remaining of this work is organized as follows: Section 2 recalls the basics of multifractal analysis, focusing on the so-
called large deviation spectrum, which is the most useful spectrum in applications to image processing. Section 3 details our
algorithm for coarse-grained multifractal spectrum estimation. The computation of an extension called Undecimated Large
Deviation Spectrum is also described. An experiment on a typical multifractal image, called a binomial measure, is briefly
studied in section 4. Section 5 presents the results of assessment of multifractal scaling as well as of spectra computations on
a large number images: Pure textures, natural landscapes and faces. Section 6 presents the conclusions of our work.

2. Multifractal Analysis

Multifractal analysis gives a description of the singularities of an image from a local and global point of view simultane-
ously. In that perspective, various multifractal spectra are defined, each one putting emphasis on a particular aspect of the
singularity structure. We restrict in this work to the large deviation multifractal spectrum, whose definition we recall now.

2.1. The Large Deviation Multifractal Spectrum

Assuming without loss of generality that the support of the image I is [0, 1]2, consider the sequence of partitions of [0, 1]2

by dyadic squares Jk,ln = [k2−n, (k+ 1)2−n]× [l2−n, (l+ 1)2−n]. To each Jk,ln , one associates a positive real number Y k,ln

that gives an indication of the “activity” of I inside Jk,ln . Classical choices for Y k,ln include the sum of the gray levels inside
Jk,ln , the oscillation of I inside Jk,ln , or the modulus of the wavelet coefficients of I at scale n and location (k, l).

The coarse-grained Hölder exponents of I are, by definition, the numbers

αk,ln =
− log Y k,ln

n log 2
. (1)

For any real number α and any positive number ε, let Nα(ε, n) denote the number of 2−n dyadic squares such that
|αk,ln − α| ≤ ε. The large deviation spectrum of I is defined as

f(α) = lim
ε→0

(
lim sup
n→∞

logNα(ε, n)

n log 2

)
, (2)

with the convention that logNα(ε, n)/n log 2 = −∞ if Nα(ε, n) = 0. The ”pre-asymptotic” functions

fnε (α) =
logNα(ε, n)

n log 2

are called the coarse-grained spectra of I . From the definition, it is easy to see that f takes values in −∞∪ [0, 2].
The heuristic meaning of f is the following: For a fixed resolution n, pick at random a dyadic square in [0, 1]2. Then, for

n large enough, the probability that the chosen square has a coarse-grained exponent roughly equal to α is of the order of
2−n(2−f(α)). In particular, if f(α) < 2, then this probability vanishes exponentially fast as n tends to infinity, hence the name
“large deviation spectrum”. If, for instance, f(α) = 1, this probability decays at the same rate as the one of hitting a point on
a contour at resolution n. See [8] for more on the definition and properties of the large deviation multifractal spectrum.

2.2. Multifractal Scaling

The “true” spectrum is obtained as the upper limit of the coarse-grained spectra fnε when the resolution tends to infinity.
As a consequence, it cannot be computed on real-world data. One way to estimate it at finite resolutions is to use a algorithm
called “liminf regression”, that will not be considered in this work [11]. The advantage of using a liminf regression is that
it does not require any assumption on the structure of the image. The price to pay is that the estimation may require a



large number of points, i.e., the convergence may be quite slow. This work is focused on another approach, where some
assumptions are made about the data. We will say that an image sampled at resolution n exhibits multifractal scaling if the
coarse-grained spectra at resolutions n, n− 1, . . . , n− p are similar for some p > 1:

fεn−i ' fεn−j , i, j = 0 . . . p,

where the symbol a ' b means that some norm of the difference a− b is ”small”. This assumption amounts to stating that,
at the p finest available resolutions, the image behaves as if a “steady state” has been reached in terms of multifractal analysis.
In other words, the statistics of the coarse-grained Hölder exponents all exhibit a scaling law with respect to resolution. The
estimation of the spectrum is then of course considerably simplified, since it seems reasonable to view the common value of
these spectra as the multifractal spectrum of the image. The following section details an algorithm implementing these ideas.

3. Estimating the Large Deviation Multifractal Spectrum

3.1 Outline of the method

To verify that an image possesses multifractal scaling, one needs to estimate in a reliable way the coarse-grained spectra
fεn−i for increasing values of i.

Computing these estimations requires to choose carefully the value of ε. Indeed, while the mathematical definition lets ε
go to 0, in practice, one must fix a specific positive value when dealing with finite resolution data. Setting ε = 0 when n is
finite would indeed result in a spectrum that would be equal to −∞ except at a finite number of points. The value of ε serves
roughly the same purpose as the kernel width in classical density estimation, except that here we consider a bi-logarithmic
sequence of renormalizations of densities.

The main idea of this work is to choose ε so as to obtain the best possible estimation. Note that there is no reason why the
value of ε should be kept constant across scales. Indeed, in density estimation, the width of the kernel is a decreasing function
of n. In order to find an optimal vector ε = (ε1, . . . , εn) of values of ε that will lead to a robust estimation, we investigated
the following criteria:

– Correlation of αmod: During the computation procedure the spectra at all scales are aligned so that the locations of their
maximum all fall at the same point called αmod. This point is supposed to approximate the Hölder exponent associated
to the maximum of the “true” spectrum. It is computed by regressing the locations of the spectra maxima (α̃ηi ) with
respect to scale. In order to obtain an accurate value of αmod, the values α̃ηi should be strongly correlated across scales.
Therefore, this criterion chooses ε so as to maximize the correlation among the α̃ηi . The rationale for this criterion is that
the estimation at the maximum is the most robust, and thus should be used for aligning all the spectra.

– Distance: As mentioned in section 2.2, an image will be said to display a multifractal behaviour if the coarse-grained
spectra at different resolutions are similar. This criterion aims at minimizing the distances among the spectra at all scales.
This quantity is defined as the sum of the L2 distances

∑
i

∑
j(f

εn−i
n−i − f

εn−j
n−j )2.

– Correlation of αmod & Distance: This criterion is a linear combination of both the ones above, with a parameter β ∈ [0, 1]
that controls the relevance of each term in the optimization criterion. The criterion has the following expression:

fobj = β corr (logµα̃η , log η) + (1− β)
∑
i

∑
j

(f
εn−i
n−i − f

εn−j
n−j )2. (3)

Thus our estimation procedure goes as follows: Fix ε = (ε1, . . . , εn), then compute all the coarse-grained spectra
f
εn−i
n−i . Compute the sum of the L2 distances

∑
i

∑
j(f

εn−i
n−i − f

εn−j
n−j )2 among all spectra, as well as, for each scale, α̃η =

argmaxη,αNα(ε, η), and the correlation between logµα̃η and log η. Finally, applying one of the three optimization criteria
above, obtain the optimal ε∗ = (ε∗1, . . . , ε

∗
n) through a standard gradient descent method.

Once the large deviation multifractal spectrum have been computed in an optimal way at several resolutions, a comparison
of the graphs allows to detect multifractal scaling.

3.2 Spectrum Estimation Algorithm

The large deviation spectrum is defined by the following power law:



Nη(αi) = Kη 2
logNη f(αi) (4)

where Nη(αi) is the number of squares of size η whose coarse-grained exponent is between αi − ε and αi + ε, Kη is a
normalizing constant, and Nη is the total number of squares of size η i.e.∑

i

Nη(αi) = Nη. (5)

Taking logarithms, (4) reads:

logNη(αi)

logNη
=

logKη

logNη
+ f(αi) (6)

In most works the constant term Kη is considered negligible and it is removed from (4). In this case estimation reduces to
computing the slope of the mean-square regression of logNη(αi) versus logNη .

Here, we will considered the whole expression in (6). Combining (5) and (6), we obtain a nonlinear equations system for
computing the LD spectrum:

f(αi)−
log
∑

2logNη f(αi)

logNη
− logNη(αi)

logNη
+ 1 = 0 (7)

The different steps of the proposed method applied to a generic image of size [N ×M ] are as follows:

1. Image normalization
The gray level values are normalized into the interval [0, 1].

2. Coarse-grained Hölder exponents computation
The image is divided in boxes of size ηi (scales). In each box, the coarse-grained exponents are computed using (1). The
coefficients for scale i are arranged into a vector of size N ·M

η2
i

. The final output of this step is thus a coarse-grained Hölder
exponents triangular array.

3. Histogram building
In order to compute a first pass of histograms Nα(ε, ηi), an initial value for εi0 is chosen at each scale: it is set to half the
maximum distance between two adjacent coarse-grained exponents. The histograms Nα(ε0, ηi) are then computed for
all scales.

4. αmod computation
The values α̃ηi where the maxima of the histograms at each scale is reached are computed. A linear regression of these
values with respect to scale is then performed. This yields a value αmod. This number is used to re-align the spectra at all
scales, so that they all reach their maximum at αmod. In that view, all coarse-grained exponent values are simply shifted
by αmod − α̃ηi at scale i.

5. ε optimization
A standard gradient optimization procedure is used to estimate the vector ε∗ = (ε∗1, . . . , ε

∗
n) that satisfies one of the

criteria explained in section 3.1.
6. Histogram re-computation

Steps 3 and 4 are performed again using the optimal ε∗.
7. Final spectrum

The system (7) is solved to obtain the LD multifractal spectrum.

Let us now explain briefly the idea of the Undecimated Large Deviation spectrum: instead of partitioning at scale i the
image in boxes of size ηi, one uses a moving box of the same size: Thus, at each location in the image, one centres a box of
size ηi to compute the coarse-grained exponents. As a result, the set of exponents at each scale and each location is matrix
with same size as the original image, rather than a triangular array as it was in the original procedure.

Our method has been implemented in the Fraclab toolbox [11]. This is a free Matlab toolbox, that provides an extensive set
of fractal and multifractal methods to performs image and signal processing tasks. FracLab thus permits to reproduce the re-
sults presented in this work, as well as to compute various other (multi-)fractal parameters that are used e.g. for classification,
segmentation, denoising or interpolation.



4. Testing Experiments

We show in this section an experiment on a simple multifractal image called a binomial measure [1]. Such an image allows
us to assess the performance of our estimation scheme. Figure 1 displays the 2D binomial image along with its theoretical
spectrum.

Figure 2 shows the histograms computed with the initial value of ε (maximum distance between two adjacent Hölder
exponents) on the left and the result of the next step, corresponding to the computation of αmod value and the shift of the
histograms on the right.

Figure 3 shows the histogram after ε optimization which has the effect of smoothing the histograms. On Figure 4 are
displayed the spectra computed using the simplified version the value of K along with the one using (7).

Figure 5 shows the result when computing the ULD spectrum. It appears that the LD spectrum yields a smoother spectra,
while the smaller values are more precisely estimated in the ULD method.

Finally, Figure 6 shows the comparison of the theoretical spectrum with the proposed methods, LD and ULD. It can be
seen that both estimations are similar to the theoretical one. Although the ULD method exhibits a noisier estimation and a
small shift to the left as compared to LD, its amplitude is closer to the theoretical spectrum.

Fig. 1. Binomial measure image and its theoretical spectrum.

5. Numerical Experiments

As a first application of our method, we seek to check which kind of images display multifractal scaling, in the sense of
having similar spectra over a range of scales. It seems intuitively clear that images that are mostly smooth, like images of
faces, will not exhibit this property, while images of natural textures or landscapes should.

To verify these thoughts, we estimated the LD and ULD spectra on several images: 60 texture images, 60 outdoor scenes,
and 12 images of faces1. Only 12 face images were considered because the results were clearly negative in all cases: Typical
results on two face images, displayed on Figure 7, are shown on Figure 8. As it can be seen, the coarse-grained spectra are
quite different at each scale, implying that the multifractal assumption does not hold here.

Figures 9 and 11 show 6 typical texture images used in the experiments. Their LD and ULD spectra are displayed on
Figures 10 and 14. Both spectra exhibit for all images a strong similarity across scales. The same conclusion hold for the
outdoor images (Figures 12 and 13), whose spectra are shown on Figures 15 and 16. One may thus consider such highly
irregular images as truly multifractal.

As a further experiment, we tested whether the multifractality property depends on the choice of the Y k,ln , i.e. the way the
”activity” inside a box is measured. We used three different measures: the first one consists in setting Y k,ln equal to the sum

1 We only display the results for 6 textures, 6 outdoor scenes and 2 faces for lack of space. Results on the other images were very similar.



Fig. 2. Spectrum building process for the binomial measure image (steps 3, 4). Left figure: Histogram
using initial epsilon. Right figure: Histogram centred around initial αmod.

Fig. 3. Spectrum building process for the binomial measure image (steps 5, 6). Histogram with opti-
mized epsilon.



Fig. 4. Spectrum estimation for the binomial measure image (step 7). Left: Spectrum rescaled without
constant Kn. Right: Spectrum rescaled with Kn.

Fig. 5. Spectrum estimation for the binomial measure image, by using the Undecimated large devia-
tion method.



Fig. 6. Comparison of binomial measure theoretical spectrum with the estimations of the proposed
methods, LD and ULD.

of the grey level inside a box (referred to as ”Sum” in the captions). For the second one, we use the oscillation inside the
box, i.e. the difference between the largest and smallest grey level (referred to as ”Osc” in the captions). Finally, the third one
takes Y k,ln to be the mean of the grey levels in the box (referred to as ”Mean” in the captions). As is apparent from the figures,
the multifractal quality of the images is not dependent on the way to measure the activity. This suggests that multifractality
is a robust property of textured images.

We note finally that the spectra for different images are quite distinct in shape and in location/amplitude. This indicates
that they may serve as a basis for classification. This will the topic of a subsequent study.

Fig. 7. Typical face images used for the estimation of the coarse-grained spectra.

6. Conclusions

Checking whether a given image displays multifractal scaling or not is useful in several applications: Multifractal images
may be processed with various techniques for purposes of classification, segmentation, interpolation or denoising. The first



Fig. 8. Typical coarse-grained spectra for face images.

Fig. 9. Typical texture images used for the estimation of the coarse-grained spectra. Sum measure
(Sum).



Fig. 10. Coarse-grained spectra for the texture images of Figure 9. Left column graphs: LD spectra,
right column graphs: ULD spectra.



Fig. 11. Typical texture images used for the estimation of the coarse-grained spectra. Oscillation
measure (Osc).

Fig. 12. Typical outdoor images used for the estimation of the coarse-grained spectra. Sum measure
(Sum).

Fig. 13. Typical outdoor images used for the estimation of the coarse-grained spectra. Mean measure
(Mean).



Fig. 14. Coarse-grained spectra for the texture images of Figure 11. Left column graphs: LD spectra,
right column graphs: ULD spectra.



Fig. 15. Coarse-grained spectra for the outdoor images of Figure 12. Left column graphs: LD spectra,
right column graphs: ULD spectra.



Fig. 16. Coarse-grained spectra for the outdoor images of Figure 13. Left column graphs: LD spectra,
right column graphs: ULD spectra.



step to assess such a property is to be able to estimate in a robust way the multifractal spectrum. We have proposed a method
that fulfils this goal by a careful analysis of the definition of the large definition multifractal spectrum.

As an application, we have shown that, not surprisingly, images of faces do not exhibit multifractal scaling, while pure
textures and outdoor scenes do. Such a property is robust across scales and with respect to how one measure the activity of
the image. In addition, both the LD and ULD spectra give similar results.

The next step will be to use our estimator for purposes of classification and segmentation.
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